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AN ANALYSTSOFLAMINXRFREE-CONVECTIONFLOWANDBEATTMNSFIR
ABOUTA FLATELATETARAII(TO
OFTHEGENERATINGBODY
By SimonOstrach
THEDIRECTION
FORCE
.
.
Thefree-convectionflowandheattransfer(generated.by a lody
force) a~outa flatplateperalleltothedirectionofthebodyforce
areformallyanalyzedandthetypeofflowisfO~a tobe dependenton
theGrashofnuuiberalone.Forlage Grashofnumberd(whichareof
interestinaeronautics),theflowisoftheboundary-layertypeandthe
problemisreducedina formalmanner,whichis analogoustoFrandtl’s
forced-flowboundary-layertheory,to thesimultaneoussolutionoftwo
ordinarydifferentialequationssubjectoWe proper~o~dw co@itio~..
Velocityandtemperaturedistributionsforl?rmdtlnumbersof 0.01,
0.72,0.733,1, 2,10,100,and1000we computedandit isshownthat
velocitiesqilNusseltn~ers oftheorderof_itude ofthose
encounteredinforced-convectionflowsmaybe obtainedinfree-convection
flows. Thetheoreticalndexpertientalvelocityemdtemperaturedistri-
butionsareingood.agreement.
A flowenda heat-transferparameter,fromwhichthetiportantphys-
icalquantitiessuchasshearstressandheat-transferratecanbe com-
puted,me deriveilasfunctionsOf~mdtl n~~er al-~e.comp~fs~ of
theoreticallycomputdvaluesoftheheat-transferparamterwithvalues
obtainedfromanapprox.hatecalculationa@ experhntsyieldedgood
agreementovera largersngeofPrandtlntier. Agreementbetweenthe
theoreticalvaluesandthoseobtainedfroma frequentlywed semiempiri-
calheat-transferlawwasgoodonlyinrestrictedPrandtlnuder rsmges
(dependingonanarbitreryconstant).
INTRODUCTION
!
Twotiportenttypesoffluidflowproblemsinvolvingheattransfer
erethosed forcedandthoseoffreeconvection.By forced-convection
flowismesntflowsmaintainedmechanicallySE,forexemple,’by a pres-
suredroporan”agitator.Ikee-convectionflow,onthsotherhand,
,
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resultsfromtheactionofbcdyforcesonthefluid,thatis,foroes
whichareproportionalto themassorthedensityofthefluid.The
flowisgenerallyproducedh thefollowingmanner:Consider,for
exemple,a ftiedobject(suchas a plate)ina quiescentfluidsubject
toa bcxlyforce.WhentheplateiEatthesametemperatureasthemxr-
roundingfltid,thebodyforcesactingonthefluiderein equilibrium
withthehydrostaticpressmeandnofloweneuesIn the steadystate.
U?a temperaturegradientnormal.tothebodyforceis tmposedbyheating
(orcooling)theplate,therewillexista defect(orexcess)& body
forcebecauseofthedecreasei(orincreased)ensity,withthefluid
closertotheplatehavingthegreaterdefect(orexcess)thanthataway
fromtheplate.Thisunbalanceoftheforcescausesthefluidtobe
acceleratedwiththeparticlesnearertheplatemotig morerapWlythan
thosef@her frmatheplate.?tree-convectionfl whasusuallybeencon-
siderdtobe generatedina gravitationalfieldwherethepreviously
mentionedefector excess’ofbcdyforcewastheArchemedian(buoyancy)
force.Howeverzsincecentrifugalf~ces =e -O ProPofiionalto we
fluiddensity,free-convectionflowscanalsobe setupby theactionof
suchforces.(Seereference1 fora moreaqltcitdiscussionofthe
developmentoffree-convectionflowsby centrifugalforces.)
Eree-convectionflowsproducedby centrifugalforceserenowof
practicalimportanceinaeronatiicsbecausemanyaircraftpropulsion
systemscontaincomponents(suchasgasturbinesandhelicopterremjets)
whichrotateathi+ speedsandinwhichheatisbeingtransferred.The
methcd.offree-convectionc oltigofgas-turbinerotorbladeswherethe
centrifugalforcescreatea free-convectionflowofthecoolsntinthe
bladepassagesisanexampleofa practicalapplicationfthefree-
convectionphencmmnoninaeronautics.Ali30,free-convectionflowdue
to centrifugalforceissuperimposedontheflowthroughelicopterram
jetsandontheflowofcoolingairinhollowrotorbladesofair-cooled
turbinesand,underproperconditions,canappreciablyinfluencethe
resultantflowandheattransfer.
As a slmplfiicationofthemanyfree-convectionproblmswhichare
nowofscmeconsequenceh aeronautics,considerationisheregivento
thespecialcaseoffree-convectionflowabouta flatplateparallelto
thedirectionofthegeneratingbodyforce.Theexpe+nentalaadtheo-
reticalconsiderationsofSchmidtandBeckmenn(reference2) concerning
thefree-convectionflowofairsubjecto thegravitationalforcealout
a verticalflatplateconstitutehemostcompletetreatmentofthis
subjectup tothepresentime.Eckert(reference1)aswellasothers
hasfurtherverifiedandextendedthearperhentalresultsofSchmidt
andBeclmann,andSchuh(reference3)hasextendedthenumerical.calcu-
lationsby computingthevelocityendtemperaturedistribtiionsfor
severalWandtlnumbersclifferentfrm thatforair. However,allthe
“theoreticalworkinthesereferencesisbasedontheincompressible
equationsinwhichthedensity(ortemperature)variationisintroduced
.
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.
h thebuoyancytermalone.varioustermsareomittedfromthee@ations
.
atthedart onthebasisofeitherintuitiveargumentsorno arguments
atall. Althougha theoreticaldevelopmentmadeinsuchamannerledto
god finalresults,thesignificanceofallthetiportantfactorsassoc-
iatedwiththefree-convectionflowphenomenonisnotobtainedfromsuch
ananalysis.
Theproblemoffree-convectionflowasproducedby a bodyforce
a%outa flatpltieinthedirectionofthebdy forcewasstudied.at
theNACAIewislaboratoryandistreatdina formal&ndmoregeneral
mannerherein.Themethcdusedissomewhatsimilartothatusedin
reference4 whereinC“ODSiderationwasgivento thefree-convectionflow
athighGrashofnunibersina horizontalcylinderwhichhada varialle
surface-temperaturedistribution.Theapplicationfthismethodto
thepresentproblemleadsto a developmentwhichisanalogousto2randtl’s
treatmentai?highReynoldsnumberfoped-convectionflows.Althoughthe
finalequationsobtainedly thismethodwe thesameasthoseofSchmidt
andBechann,thismoregeneralapproachnotonlyclearlydemonstratees
thesignificanceofallthetiportantparametersandassumptionsand
henceleadstoa betterunderstandingofthistypeofflowbutalso
indicatesthequantitativelimitationsofthetheory.In addition,the
numericalsolutionsofreferences2 and3 me hereinextendedto cover
.
a morecmpleterangeafvariables.Thenewcalculationsyield~or-
mationonthefree-convectionflowforTrandt1 numberscorrespondingto
thoseofliquid
w
metals, gases,liquiils, andveryviscousfluids. -
ANALYSIS
StatementofProblemandBaEicEquations I
Thesteady-stateequationsexpressingthe’consemationofmass,
momentum,smdenergyfora compressible,viscous,endheat-conducting
fluidsubjectto a bcdyforcetogetherwithan equationofstategovern
theflowandassmiatedtemperaturedistributionabouttheplate.These
equationsinWrtesisntensornotationare(seereference5),respec-
tively,
.2- (puj) = o
axj
(1)
-1
.
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(3)
P = P(Y,T) (4)
(AcompletelistofthesynbolsusedhereinisgiveninappemlixA.)
Forthetwo-dhensionalcase,’equations(1)to (4)representa system
offiveequationsinthefivedependentvariablesUl)U2) P) ~, =3 T.
Forlateruse,equation14)canbewritten
dp = P(K.dp-pm) (4a)
where K and f3 arethecoefficientsof isothermalcompressibilityand
volumetricexpansion,respectively(seereference6). In additionto a
generalstateequation,suchas isgiveninequations(4)or (4a),it
willbe convenientattimesinthediscussiontoreferto somespecific
stateequation.To thisend,theequationo?stateforan idealgas
P=pm (4b)
willbe UEed.
“
I
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Perticuluconsiderationisheregiventothetwo-dimensionalfree-
convectionflowabotia semi-infiniteverticalflatplate.The X1-~iS
ofthecoontlnatesystemistakenalongtheplateandthe X2-axis,nor-
malto it. Nodistinction.ismadeasto thespecifictypeofbmlyforce
act~g, fgr e-le, gravitational_orcentrti~al,huttheforceiS
asspmedtobe acthg intieverticaldirectiononly(thatis,parallel
totheplate).CentrtiugalendCoriolisforceswhichme connectedwith
flowsoncurvedpathsandtithrotattigsystemsgenerallyverywith
position~a velocity.However,inordernottotie we ~~Ysis
undulycomplicated.,theI@y forceis-takentobe constant.
In ordertodefinetheproblemclewly,a choicemm~ stillbemade
oftheposition& theoriginofthecoordinatesystem.Beforemakinga
definitedecisiononthispoint,notethatforconstentplatetempera-
turesthereerefourpermutationsoftheW3y-forcedirection(either
upwardordowmqd) andtheplatethermalcondition(eitherheatedor
cooled)whichwillleadtofree-convectionflows.Oncethepositionof
theedgeoftheplate,whichisalsotobetheoriginofthecoordinate ,,
systan,isdecided.ztherearetwocombinationsofthebody-forcedirec-
tionandplatethermalconditionthatwillyieldflowswhichproceed.
awayfrm theedge.It isthistypeofflowthatisemenableto thetype .
.—.— — .— —— .-—. ._— —.- -- .—.
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ofanalysistobe
, subsequently.If
platehasbutone
theplateextends
.
madehere. l!hispointtillbemorefullydiscussed
theedgeoftheplate(recallthata semi-id?inite
edge) istakenatthebottomoftheplate(thatis,
to+- intheXl-direction),thetwocombinationslead-
ingtoflowsintheproperdirec;icm(upwardinthticase)are,respec-
tively,thebcdyforceactingdownwardwitha heatedplateandthebcdy
~forceactingupwamlwitha cooledplate.Theequationsdeveloped.forone
ofthecasesreducedirectlyto thosefortheother.Theremainingtwo
permutations,namely,thebdy forceactingdownwardwitha cooledplate
andthebodyforceactingupwardwitha heatedplate,wouldyieldflows
whichproceed.ownwardortowardtheedgeoftheplateifthisedgewere
takenatthebottcmoftheplate.ThistypeC&flowwOda violatea
physicalconditionoftheproblemwhichstatesthattheflowstartsat
theplateedge.ThelattercombinatIonshencetillnotbe consiilered
further.
Becausethetwoacceptableconfigurationscanbe reducedessentially
to one,forthedevelopment’tobe givenhere,theoriginofthecoordinate
systemwillbe taken.atthebottomofa heatedplate,withthebodyforoe
actinga~ti. Theassumptionisnowmadethattheviscosityand.heat-
conductivitycoefficientsme functionsof,thetemperaturealoneandobey
thefollowinglaws:
m
().
n
~=k# k“= ~
‘(T ) (5)w m,
Thechoiceofthebody-forcedirectiontogetherwithequations(5)alters
equations(2)and(3)sothattheybecome
(6)
(7)
Notethattheonlynonzerocanponentofthebdy forceistheXl-component.
BoundarycOnaitiOns
Theboundaryconditionsa sociatedwiththegivenprobleme that:
. . ..- —-- -— ..—. .r. k.- ------- - ..— —— . . . . . .. —-— . ------------ -——— ..—. — ------ -- .-— ---
6(a)Thefluid
tiscousflows)ma
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mustmere to theplate(theno-slipconditionof .
theplatemusthe a streamline,ormathmtically,
u~(x~,o) = U2(X1,0) = o (8)
(b)Thetemperatureofthefluidattheplatemustbe equalto the
platetemperature,thatis,
(c)ThevelocityU, at
T(Xl, O) = To
largedistances
undisturbed,or
.
Ul(xl,-) = o
1“ (d)Thetemperature
to theundisturbedfIuid
at largedistantes
temperature,or
T(X1,ID)= T=
(9)
fromtheplatemustbe
(lo)
fromtheplatemustbe equal
(11)
SimplificationofEquations
Leta smallquantitye nowbe definedas
e= 13(T0-To) (12)
whichisa meaaureofthemagnitudeoftemperaturevm?iationIntheflow
field.Thecoefficientofvolwnetricexpmion p b,,generallyofthe
orderofmagnitudebetween10‘2and104 (seetable15ofreference7,
forexemple) andforgases p = l/T. (Thus,forgases,if B ist*en
tohe constant,& = (To-T=j/W;thatU, & istherelativetemperature
clifference.) Thecoefficient~ willbe assumedconstant.Becausein
thesteadystateflowensuesonlywhenthereisa temperaturevariation
inthefluid,thefree-convectionvelocityshouldthendependdirectly
on e.andthevariationsinpressureanddensity(fromthestatic,
,
e ~ O,case)dueto thetemperaturedifferences
Thus“
P = Ps+ Pm&cJ
P = ps+ Pa&q
I
1,
.
.
shouldalsodependon e
(13)
(14) (
(15) “
(16) ~ - ,
.— ——. —.
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where -fX denotesthe X1-c~onent
ui>~>Q) ~d 19denotedimensionless
ofthelmdyforce
functions(which,
7
perunitmass,
ingeneral,can
befunctionsofe), 2 issomecharacteristiclength(forexample,the
.
.
.
distancefromtheedgeoftheplatetothepoti%of interest),Ys”and
Pa me thepressureandthedensity,respectively,forthestatic ase,
(u~= Oores O),and T= and p. denoteconstantvaluesofthe
pressureandthedensity(thatis,thevaluesifnoforcefieldwerepre-
sent) definedbythestateequation(inthecaaeofa gas,inparticular,
l?.= ART.). Becausethereisno characteristicvelocityassociatedtith
thetypeofflowunderconsideration,thevelocityisdtiensionalizedby
thefactorgiveninparenthesesontherightsideofequati~(13).‘l?h-ti
specificfactorischosenbecauseitleadsto sbplerequations<
In ordertodetenuinethestaticquantities,it-willatfirstbe
convenientto considertheparticularcaseof a gas. Theproblemis
thenconsideredwiththetemperatureuniformthroughouttheflowfield
atthevalueT= (Iihereforetherewilllenoflowad Uis O). For
thissituation,equations(~b)and(6)become
Pa = f+ mm (17)
ma
}
=0.
(18)
(Itshouldbenoted%hatequation(18)expressesthephysicalfactpre-
vioudystatedthatthebodyforceandhydrostaticpressure=e inequil-
ibriumforthestaticcase.) Substitutionfequation(17)intoequa-
tion(18)leadsto ()‘xPs=&exp -m—Xlm (19)
andequation(19)togetherwithequation(17)andtheequationdefining
pa and k yields
(20)
E theexponentialinequation(20)isexpressedintermsofitsseries
expansion,thatequationbecomes l
. . . . . .— ..- -.. .—— -- .-- —-— ——------ —---—- —.—---————— “-”—-’— —’
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(21)
A computationd thesecondterminthebracketsofequation(21)forthe
ctie M aixundernormalconditionswith fx . g andthefactthat Xl
is oftheorderofmagnitude2 showthat p~2/l?=. 10-52/foot.For
thetyped pro%lequnderconsideration,Z tillalwaysbe ofunitorder
al?magnitudesothatevebifwe bodyforcefx representsa centrifugal
forcemanytimeshat ofgravity,theinequality% fxX1/P=<< 1 may
stillbe satisfied.Thus,inthesubsequentdevelopmenti willbe
aasumedthat p~?Spm. ThiEassumptionwhichwasjusttiiedby thecom-
putationforthecaseofa gasis expeotedtobe reasonableforother
flu.iaEaswell. ThephysicalinterpretationofthW assumptionisthat
understaticconditions(ss O),thedensity(orpressure)isnot
affectalby theforcefield.
In orderthatallquantitiesinthefollowingequationabe dimen-
sionless,itisfurthernecessarytodtilnexi = Xi/2,wherethe xi
arenowdi.mensionleespacecoordinates.Substitutingthesenewcoor-
dinatesalongwithequations(13)to (16) intoequations(1),(6), (7),
and (4a)andnotingequations(18) and that P6~ ~ yield,onneglec-
tionoftemnsofhigherorderin & coqpered~th thoseof order &,
I
I
1
I
. I
( W ae J ( a~ ,)a~_Z_Gr~ ‘l=GrPr ul— + “U2—axl ax = y-~ — -I-AO (25)+‘2 ax
d(p= K ~du - j3Tq,@ (26)
I
(22)
‘ (24)
1
where % /QfX2= NGr emdtheGrashofnuniberGr endthePrandtlnumber
{
Pr me definedES I
. F+”
.
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Physicallyspeaktig,theGrashofnumberrepresentstheratioofthebcdy
forcestotheviscousforoes.Thefree-convectionflowsof titeresthere
arethoseassociatedwithlargeGrashofnumbers.ThefactorsK and ~
inequation(26)maywellbe takentobe constaqte(seereference6).
Theboundaryconditions(equations(8)to (11))intermsofthenew
dhensionlessvariablesare
q(q)o) = U2(X1,0) = o (27)
e(xl,~) s o (30)
Thus,to a fhwt approximation,equations(22)to (26)togetherwiththe
bound~ conditionsreplacetheoriginalequationssmdbounderycotiitions.
(Notethatforgases,~T== 1.)
Theprimeassumptionthathasbeenmadeinthisanalysisisthatthe
higher-ombrterm in e werenegligible,whioh@lies that e is
smalland,consequently,thatthetemperaturedifferenceor ~ is
moderatelysmall.It isa consequenceof thisassumptionalonethatthe
basicequationsweresimplifiedto equations(22)to (26)whereinthe
viscositytermintheener~equationisneglectedandtheonlycoupling
ofthemomentumandener~ equationsoccursbymeansofthebody-fcrce
terminequation(23).As a resultofthisassumption,thevariations
oftheviscosityandheat-conductivitycoefficientswithtemperatureare
alsonegligible.Withoutanydiscussion,theauthorsofreference2
stut directlyfromsimplified.equationsofthesaneformwhereinthe
pressuretermsintheenergyequationwerealsoneglected.Inrefer-
ence3 someintuitiveargumentsaregivento justifythesimplified
equations.
It isnowconvenienttorevetitothemorefamiliarnotationwhere
x= xl,y = X2,u = Ul,and -v= U2. Equation(22)impliestheexistence
of a wtreamfunctionY suchthat
U=$=,, aY-v=—-=-
ax
yx (31)
wheresubscriptsdenotedifferentiation.Applyingequation(31)to
equations(23)to (25),yields,respectively,
.--. —
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Theboundaryconditions(equations(27)to (30))become
Yy(x,o) = Yx(x, o) = o
*
e(x,o) = L
~T o
y+,=) = e(x,=) = o
(32)
(33)
(34)
(35)
(36)
(37)
Equations(32)to (34)andequation(26)formthesystemofequations
forthefourunknownfunctionsY, e, q,and o oftheproblem.The
systemisnonlinear,andthereforefurthersimplificationoftheequations
wouldbe desirable.Justasinthecaseofforced-convectionflowswhere
theReynoldsnmber determinesthe_typeofflowor,inmathematicalterms,
thetypeofsolution,theGrashofmmiberistheprhe factorforfree-
convectionflows.ForthecaseofsmallGrashafnumber,itcanbe seen
fromequations(32)to (34)thata perturbationi thesmallparameter
@ willyielda systemof linearequations.ForGrsshafnunibersofunit
orderofmagnitude,no furtherimportantsimplificationcanbemadeand
thesolutionswouldhavetobe obtainednumerically.Ibrtheotherlim-
itingcase,thatoflargeGrashofnumbers(whichisthecaseundercon-
siderationhmein),itWOW, atfirstthought,appearthatsomesimpli-
ficationcouldbe obtainedbyperforminga pertabationinthesmall
pmalleterl/Gr. However,thiswouldthen5mplythatthetermcontaining
thehighest-orderderivatives(theleftterminequations(32)to (34))
could,amongothers,le neglected.(ThiEsrgumentwouldalso@ply that
thebody-fcmceterm ~ inequation(32),whichisessentiallycausing
theflow,couldalsobeneglected.) Theomisqionofthehighest-order
derivativesfromconsideration,however,wouldleadto solutionswhich
wouldnotsatisfyalltheboundsryc.onditions.Problemsofthistype
srereferredto assingularperturbationproblems.Forfurtherdis-
cussionsofsingularperturbationproblemseereferences8 and9.
Equationsinwhicha smallpsmmetermultipliesthehighest-ofier
termsaresaidtohe oftheboundmy-layertype,becauseinorderfor
solutionswhichsatisfyalltheboundaryconditionstobe obtained,
thehighest-ordertemnsmustbe considereiineartheboundary.This
factimpliestheexistenceofa thinregion,calledtheboundarylayer,
whereinthefunctionsvaryrapidlyfromthevalueattheboundaryto
thatinthefluwoutsidethislayer.Theconclusionto bedrawnfrom
I
1
.,
I
.
.— —-— —---———
———. .. . .. . -.—z—
NACATN 2635 11
theprecedingdiscussionisthatforlargeGrashofnumberstheflow -
isoftheboundsry-layertype. SchmidtandBee_ (referenc~2)
alsomadetheboundary-herassumptionsintheirtheoreticaldevelop-
ment,andtheseassumptionswerej~tfiiedonthebasisoffie~ ~eri~ .
mental03servations.TheGrashofnmibersfortheirexperimentsyereof
theorderof8X106.
,
In viewofthefact,pretiohl.ydiscussed,thathighest-orderderi-
vativesofeachdependentveriableaswellasofthosetermsofphysical
importance(ss,forexample,thebaiy-forceterm)mustbe retaindinthe
boundarylayer,itisconvenienttomakebothsidesof eachoftheequa-
tionsofthessmeorderin Gr. Inthisway,aswillbe shown,the
equationswillbe simplifiedfurther.It isthusconvenienttomakethe
followingtransfomnationsi thesystemof equations(32)to (34)and
(26)endthentoretainonlythedcminantparts(thatis,thesemulti-
pliedby Gr tothehighestpower)aPeachindividualterm.
Lat F= G&y, Y.@F u.’Grt~, ~.~,and
equations(32)to (34)and(26~become
.
19. F. Then
+ IvGr%= (38)
N Gr&%-Y (39)
.
.(41)
.,
It cannowbe seenthatby properchoiceof r, s, ~ t a transforma-
tionofthetypegivenprotideea mans formakingtheimportantterms
intheclifferentialequationsofthesameorderin @. Thusif r .“l/4,
s = -3/4,and t = -1,equations(38)to (41)become -
.
.
.
. ..-. ------ .---, - ------ .-. — ~—----- . ..>—.—
N ;= (42)
(43)
(44)
(45)
-----.....— -
12
Moregener@Ely,if N isverymuchdifferentfrcmunit
t tude,a valueof t csnalwaysbe chosen(dependingon
equations(42)to (45)areoht~ed. (Foranynegative
thelastterm& equation(42)willalsodisappear.)
I
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orderof_i-
N) suchthat *
t lessthan-1,
Therearenowseveralimportantpointstobe.discmssedconcerning
thetramformationjustmadeendtheresultimgsimplifiedequaticm. 1
First,itshouldle notedthatthetransfornmtionismerelya formal ~1U’
expressionofthebouadary-layerasmmptionsfirstmadeby Prandtland +
hencethesolutionswillle asymptoticforlergeGr. Second,thesecond 0.
equationofmotionherealEo reducesto statethatthepressureacross
theboundsrylayerisconstant.ThM, thepressuretermsintheenergy
andstateequationsareherefoundtobenegligible.Thisfactverifies
a prioriasmmptionsmadeby othersfromthephysicsoftheproblem.
Finally,notethatintegrationfthegeneralstateequation(independent
ofpressure)asnowgivenby equation(45)leadsto
(46)
wheretheconstantof integrationhasbeentakenas zerowithoutanyloss I
of generality.Fortheparticulticaseofa gas,p . l/T~ sothate~~- 1
tion(46)lecomes
~+zr.o . I
Theboundaryconditions(equations(35)to (37))nowcanbewritten .,
E nowitisassumed
Yy(x,o) =
.
F(x,o) =
%(x,=) =
that ~w = O
;X(x,o) = o (47)
(48)
E(x,-)= o (49)
inequation(42)sinceconsideration
(
a.
isherebeinggivento a flatplate,andif ~ isel~natedfrcmequa- 1
tion(42)ly-m-eofequation(46),~hereres~tsthesystamofequations 1
Thustheproblemhssbeenreducedtothesolutionofthe
partialclifferentialeqzations(equations(50)emd(51))
boundaryconditions(equations(47)to (49)).
(50)
(51) I
twoshiitaneous - 1
sub~ectothe
.
—— __
—. — ._ —__ .—-. — — --
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Final stiplificationoftheequationsismadeby
so-calledshilarity transformationofboundary-layer
T=-+
(J
and
Thenequations(50)and(51)
ferentialequations:
l?’”+
3
.~= (4x)1F(q)
13
applicationfthe
theory.Thus,let
(52)
(53)
(54)
arereducedto thefollo@ngordinerydif-
3FF’ 1 - 2F’%+RO “ (55)
H“+22r~FHt:0 (56)
. wheretheprimesdenoted~erentiationswithrespecto ~. Thereci-
procalone-fourthpowersimilarityas giveninequation(52)ischarac-
teristicoffree-cuhvectionflowsjust= thereciprocalsquere-root
typeischaractmisticoftheforced-convectionflows.Theboundary
conditionsbeccme
F’(0)=F(0)=O, (57)
H(0)= 1 (58)
l?’(=)= H(-)= O (59)
Theuseofa transformationlikeequation(52)essentiallyspecifiesan
additionalboundarycondition,amely,thattheconditionstobe satis-
fiedat y=- (orq = CO)shouldalsobe satisfiedat x . 0. Itis
forthisreasonthattheflowspreviouslydiscussedwhichwouldflow
towex’dtheedge(dcwmwerd)arenotamenableto thistypeofanalysis,
forsuchflom wouldviolatethisadditionalcondition,whichessentially
statesthatthebound~-layerdevelopments ertsattheedge@ the
plate.
.
Solutionof theBoundary-ValueRroblem
. Thesolutionsofthesldplifiedequations(55)and(56),satisfying
theboundaryconditionsasgivenby equations(57)to (59),wereobtained
i \
I
I
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by useofanIBMC@ Programmed.ElectmmicCalculator.A detailed
accountoftheprocedurefollowedinthedeterminationf theunlmown
functionsispresentedinappendixB byDr.~ U. Albers.The
functionsF end H togetherwiththeirderivativesaregivenin
tableI forRmndtlnuuibersof0.01,0.72,0.733,1,2, 10,100,and
1000. EventhoughtheWandtlnumberforairistakenas 0.72inthis
repo~,tiesolutionsforPr= 0.733wereako computedandarepresented
asa checkwiththeSchmidt-Beckmenncalculationswhereinthevalueof
Prandtlnuuiberof0.733wasused.TheparticularvaluesofthePrandtl
numbersgivenwerechosento correspondto thoseforliquidmetab,gases,
liquidE(suchaswaterandoil),andveryviscousliquids(suchasglycerin
or oilEatverylowtemperatures).
REs-oErs
VelocityandTemperatureDistributions
Bymeansoftheverioustransformationsmade3Rtheanalysisitcan
easilybe verifiedthat
end.
where
m—
u
v=
= 2* = F’(q) (60)2~P(To-&Jfxx
.
.
J
/m-m \
I
(61)
I
(62)
Equations(60)to (62)relatethephysicalquantitiesto thedhensicn-
lessfunctionsF and H whicharenowlmown.Thedimensionlessvelo-
cityandtemperaturedistributionsa givenby equations(60)end(61)
erepresentedinfigures1 and2,respectively,asfunctio~of q for
we veri.ousvaluesofm~atl nuuiber.Thecomputationsmadehereagree
withthosefor Fr= 0.733as giveninreference2 upto thethirdsig-
nificantfigure.For Pr= 10,100,and1000,thepresentresultsagree
ingeneralwiththoseofreference3. Sinceonlycurvesarepresented,
inreference3,theprecisional?theagreementcannotbe stated.
I
I
. I
.
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Themaximumvaluesofthedimensionlessvelocitydistributionoccur
at largervaluesofthesrgumentq asthePrandtlnuniberdecreases@ “
the~elocitiesdecreasewithincreasingPr. Itshouldalsobenoted
thatthedynemicandthermalboundary-layerthiclmessescanbe estimated
fromtheabscissasoffigures1 and2,respectively,qndthatfor Pr>>l
thevelocityboundarylayerismuchthickerthanthethermalboundary
layer.
The occurrenceof f= (or G% asgivenby equation(60)), which
maybe verylergeforflowsgeneratedby centrifugalforces,inthe
denominatorftheordinate@lies thatvelocitiesd appreciablem g-
nitudecanbe associatedwithsuchfree-convectionflows.Inpmticular,
if f~= 106feetpersecondsqusr?ed,whichisa reasonableconservative
figureforpresent+layrotatingsystems,&= 0.2 {whichiswithinthe
limitsofthetheorypresentedherein),andarbitrarilyX. 0.25foot,
thenthemaximumvelocityattainedata 2randtlnumberof 0.72isapprox-
hatel.y125feetpersecond.Thisvalueofthemaximumvelocitycould,
of course,be doubledoreventripledundertheproperconditicms.One
limitationto a calculationfthissort,as canle seenby comparison
ofthe denadnatorsoftheleftandmiddletermsofequation(60),
,shouldbe keptinmind;nemely,thelimitingGrashofnumberforlaminar
flows. In lieuofa completestabilityanalysisontiistypeofflow,
thislimitingvalueistakentobe 109,as indicatedinreference10. .
Considerationof.thislimitationthenimplies(seeequation(60))that
forlargelaminervelocitieseither v- mustbe lergeor X mustbe
. small.
ComperisonwithExperiments
Carefulexperhentsoffree-convectionflows(asgeneratedby gravi-
tationalforces)aboutverticalflatplatesweremadeby Schmidtend
Beckmsmn(reference2) inwhichvelocitymeasurementsatveriouspoints’
alongtieplateweremadebymeansof a q.zartz-filsmentanemomet rand
thetemperaturem asurementswereobtainedbyme- ofmanganese-
constantanthermocouples.Eckert(reference1)performedshil.erexperi-
mentsinwhichthemeasurmntsweremadebymeansofa Zehnder-~ch
interferometer.Theresultsofbothsetsofexpertintsme ingood
agreementwitheachother,butsincethedataPresentedinreference2
bySchmidtandBeckmannappearInmoredetail,thesedatawillbe used
forcomparisonwiththetheory.
Theexperimentsofreference2 wereperformedontwodifferent(in
thattheedgesweresmoothedeithersymmetricallyornot)12-by 25-centi-
meterplatesendon one50-by 50-centimeterplate.Itshouldherebe
., pointedoutthattheresultsforthetwosmallerplateswerealmostiden- ‘
. ticalandthattheflowwasentirelylsminarexceptneertheouteredge
oftheloundarylayerwheretheslighturbulenceoftheroomairdis-
turbedthemeasurementssmewhat. (Thiseffectwasalsoobservedby
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Eckert.) Largepericilicoscillationsoftheflowneartheduwnqtresm
edgeCKthelargerplatewereolservedinadditiontotheslighttmbu-
lenceneartheouter edgeof theboundarylayer.Hencethedatafran
thelargerplateshouldnotbe expectedtoyieldcompletelysatisfactory
agreementwiththelsminartheoq aspresentedhere.
Sincethephysicalquantitiescanhe expressedintermsofa single
variables inequations(60)end(61),itistohe expectedthatthe
datatakenatthevariouspointsalongtheplatesshouldalllieona
singlelineM thedataam correlatedaccordingto equations(60)and.
(61). Thusforthesmallerplateswhere (TO-T-)= 95.22°R and
G= 518.68°R, equations(60)to (62)beccme
u
= F’(q) (63)
4,862&
‘r- 518.68 -/ . )-. \
~
= 88.26+
Theveloci~andtemperaturedistributions
(65)
areso plottedinfigures3 and4,
respectively,aserethecurvescomputedtheoreticallyfor Pr = 0.72.It
canbe seenthattheagreementisingeneralwry gocdforsmallvaluesof
q andsomewhatlesssatisfactorythoughstillrathergoodforthelarger
valuesof q. Thescatterinthermge ofthelergervaluesof ~ is
believedtobe causedby thepreviouslydiscussedroomturbulence.It!
shouldalsobenotedthatthepointsfarthestawayfromthetheoreticalI
t erethosemeasuredneartheleadingedge.Thesepoints houldnot,of
course,be expectedtoagreetoowellwiththe~eory sincethebomdary->
lqer assumptionsmadeinthetheoreticaldevelopmentimplythatthedis-
I tance alongtheplateislargeascomparedwiththebouudary-layerthick-
ness.Hence,thisassumptionisinvalid.nesrtheleadingedge.Schmidt
andBeckmann”obtainedcloseragreementbetweenthetheoqyandtheexperi-
mentsforthetemperaturedata-=dpooreragreementforthevelocitydata
bybashg thekfnematicviscositycoefficientinequation(62)onthe
platetemperatureatherthanontheundisturbedstreamtemperatureaswas
done
that
here.
Forthelarger
equations(60)
plate,
to (62)
(To-T~= 83.7°R and T== 527.14°R so
become
u
= F’(q) (66)
4.522+%
.
.
—.—— — —- —_____ — .—— ——. . ..—
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T - 527.14
83.7 = H(?) (67)
q = 83.93 ~
1 (68)
X4
Thevelocityandtemperaturedistributionsforthisczqerimentareplotted.
infigures5 and6,r’espectlvely,andagainthetheoreticalm.mvesfor
Pr = 0.72 areticluded.Infigure5 itcambe seenthatforlmge ~
theagreementisratherpoor,particularlyforthedataforbothsmall
andlargevaluesof X. Thepooragreementforsmallvaluesof X is
againdueto thetheorylimitationneartheedgeoftheplateandfor
thelargevaluesof X, tothefactthattheflowwasbecomingturbulent
there. .-
FlowandHeat-TransferParameters
In additionto thevelocityandtemperaturedistributions,“itis
oftendesirableto computeotherphysicallytiportantquantities(such
assheerstress,drag,heat-transferrate,andheat-transfercoefficient)
associatedwiththefree-convectionflow. To thisend,twoparameters,
a flowparameteranda heat-transferparemet~r,arederivedinappen-
dixesC and.D, respectively.
.
The fluwparameter
‘c
1 = F’‘(0)()4GT:~ (% I@)
ispresentedesa functionof%andt1 n~er infigure7. Thusthe
variousflowquantitiesfora givensetofconditionscaneaailybe
computedby applicationffigure7.
Thelocalheat-transferparameter
Nu
1 = -H’(0)
z(Grx/4)
asdeterminedhereisgivenaaa functionofPremdtlnuniberinf~gure8.
A calculationfthelo~alIWsseltnuniberfromthisequationfor
Pr= 0.72and Grx= 10 yieldsa valueof63.5,whichindicatesthat
largeheat-tramfercoefficientscanalsobe obtainedi-ithfree-convection
floml.
-. ———. —..-. ._. ——___ —— ——.._———_ . . .. . -. —_-.—____ -
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Onthebasisofa shp13fiedtheory(thatis,by useofintegrated
momentumandener~ equationsandassumedvelocityandtemperaturedis-
tributions),Eckert(seep. 162ofreference7)obtainedtheapproximate
relation
1
ml = 0.718(l@)Z
1 ‘1
(Grx/4)4 (0.952 + Pr)4
Thecurverepresentingthis,equationisaUo presented.’infigure8, ad
itcloselyapprodmates(totithtiabout10percent)@e curvedetemnined
by themoreexactconsiderationsofthisreportovertheentirefiandtl
numberrange.A semiempiricalequationasgiveninreference11relating
theaverage(overthelengthX)lfusseltnumbertothe=andtland
Greshofnumiberswhichhasbeenusedintheheat-transfercalculationsup
tothepresemtis
1
\ [1zI?~v=0.=(w)@
Theconstant0.548 pertainspecificallyto air;foroilitshouldbe ‘
0.555(seereference1.2)- for~rc~, appr~~te~ Ol33 (seeref-
erence13). h orderto obtainlocalvaluesfromtheaverageonesgiven
by thel-t equation,itis~re~ nec=sq to~tiPQ thea~er%e
valuesby 0.75. (Thedeterminationofthisreductionfactorof0.75is
discussedinappendixD.) Thusintermsofwe localquantitiesthe
semiempiricalrelationbecomes
[1,’
1
NU = 0.411 (Pr)Grxz
or
.
ITu
— = 0.581 (23?)i
(G~/4~*
me cwve givenby thisequationisalsopresentedinfigure8 andthe
agreementwiththetheoreticalcurveisverygoodforI?randtlnumbers
nearunity,notso goodforlargePrsndtlnumbers,endverypoorforthe
smallPmndtlnumbers.Ofcourse,chsmgesoftheconstantsintheseml-
empirical.relationaspreviouslydiscussedforthelargeorsmallRmndtl
numbercases(oilandmercury,respectively,forexample) wouldcausethe
samiempiricalcurveto approxbdethetheoretical-curvemoreclosely.
Thevaluesoftheheat-transferparsm.eterobtained.experimentallyfor
mercury(w ~ 0.03), ah (~ = 0072)j water (xJr. 7), and oil
.
I
,-
.
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(I%= 75.5,115,“190,224,275,318,368,and442)areherereducedby
thefactor0.75fromtheaver~evaluesreport%d..Thevalueformercury
isanaveragetakenoffourreadingsfroma cue sincethisexper~t
wastheonlyonenotreportedintabu@rform. Frcmfigure8 itcanbe
seenthatalloftheexperimentalvaluesexceptthosefortheoilexperi-
mentsareinverygoodagreementwiththetheoreticallycomputedvalues.
Thedatafromtheoilexperiments,thou@ notsogood,showreasonable
agreement(msxtiumerrorofapprmchately20percent)withthetheoreti-
calcurveandgoodagreement,as istobe expected,withthesemi-
empiricalcurve.Thedifferencebetweenthetheoreticalvaluessndthe
oilexperimentresults canposeiblybe dueto thefactthatthetiscosity
changesinoilarelsrgeevenforsmalltemperatureclifferencesordue’
totheendeffectsinthemeasurements.
COIK3LUSION5‘
An analysiswasmadeofthefree-convectionflowabouta flatplate
“oriented ina directionparalleltothatofthegeneratingbcdyforce
undertheprimeassumptionthattherelativetemperatureclifferenceis
small. ItwasfoundthattheGruhofnumberwastheprincipalfactor
deteminimgthetypetif1~ andthatforlargeGrashofnumiberstheflow
wasoftheboundwy-leyertype.Thetheoreticaldevelopmentwasthen
conttiuedto consideronlytheC* es oflargeGrashofnumberbecause
theseareofmosttiportqceinaeronautics.-
VelocityandtemperatureprofilesforPrandtlnumbersof 0.01,0.72,
0.733,1,2, 10,100,snd1000werecomputedonthebasisofa constant
I@y forceendplatetemperatureandagreementwithexperhentswhere
thefluidwasair(Prandtlnmnberaf 0.72)wasgod. Itw% alsodemon-
strateedthat.velocitiessndN“seltnuMbemoftheorderof_itude of
thoseobtainedinforced-convectiono uldbe obtainedinfree-convection
flows. #
A flowparameteranda heat-transferparameterwhicharefunctions
ofthePrandtlnuuiberalonewerederived. Calculationoftheimportant
physicalquantitiessuchasshearstress,heat-tranefrrate,andthe
likecanbe comptiq=dfromtheseparameters.V~ues oftieheat-ti-fer
parsmeterobtainedfromanapproximateheoreticaldevelopmentandfrom
experhentscomparedwithvaluescomputedfrm thepresentdevelopment
showedgoodagreementovera.widerangeofMandtlnuniber(O.01to 1000).
It isshuwnthatthecmnonlyusedsemiempiricalrelationfortheheat-
transfercoefficientwillyieldgoodresultsonlyinrestrictedm~atl
numberranges. ‘
ZewisFlightPropulsionLaboratory
NationalAdvisoryComnitteeforAeronautics
Cleveland%Ohio,October3, 1951
.
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Thefollowing
~(n), Di(n)
CP
1?
f~
‘x
cm
Grx
/3
H
h
K
k
2
m,n
IT
ml
NuaT
P
Pr.
— ——
notationisusedinthisreport:
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#
coefficientsh numericaldiffe~ntiationemdintegra-
tion’formulas
spectiicheatat constantpressure
dimensionlessvelocityf’unction
ccnnponentsafbmlyforceperunitmass,i = 1,2,3
negatived X-cmaponentoflxxiyforceperunitmass
om2fv23&
Grashofnmberj“- ~
h
Grashofnumber%asedon
gravitationalforceper
dk to gravity)
x
unit,mass(oraccelmation
dtinsionlesatemperaturefunction
heat-transfercoefficient
isothermalcompressibilitycoefficient,-p[1W!Qap ~
heat-conductivitycoefficient
characteristiclength
erbitr~ exponents
a number,definedfollowingequation(26)
. I
l
.
,,
Ihmseltnmber,
averageNusselt
pressure
Prandtlnuuiber
hX/k
nm.ber
— —.. .. . . ..—
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R
.
r, s,t
T
%.
u
v
‘i
‘1
x
Y
P
Y
A
x
.
IJ
v
-c
.
Q
Y
gasconstant
~bitraryexponents
absolutetempemture
velooitycomponents,i = 1,2,3
Mm.ensionlessvelooityo~onents,i = lj 2,3
diqmnsionlessvelocityccmpcmentinx-direction
dimensionlessvelocitycomponentiny-direction
Cartesiancoordinates,i = 1,2,3
dimensionless
dtinsionless
dimensionless
Certesianoootitiates,i = 1, 2, 3
Cartesiancoordinate“
Cartesiancoordinate
coefficientofvolumetricexpansion,pmWQa’ly
ratioofspectiicheats
Laplaoianoperator
relativetemperaturedifference,f3.(TO-T~) t
similarityvariable
dimensionlesstemperaturefunotion.
stepsizeusedinnumericalcalculations
absoluteviscosity
kinematicviscosity
density
dtiensionless
shearstress
dimmsio~ess
pressurefunction
densityfunction
streamfunction
I
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——.— _— —.. ...—
\1’
122 NACA“IN2635 . I
Subscripts:
.
i, J Cartesiantensorandmmmationsubscripts I
f
B denotesevaluationatstaticconditions(e= O)
o denotesevaluationatplatesmface !
/
a denotesevaluationatundisturbedconditions
o
Subscriptnotationisusedtodenotepartialdifferentiation. &R
Superscripts:
TrhneEdenoteordinarydtiferentiation.
Bars(as ~ or ~ denotetransformeddimensionlessquantities.
I .
m
I
I
I
.
.
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NUMERICALSOLUTIONOF
By
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AJ?PENDn33
SIWIDWED BOUNDARY-VATJIEPROBLEM
~n U. Iil.hers
!3”
‘s
,
.
.
Themethodispresentedhereinbywhichsolutionsto theboundary-
valueproblem I
Fl~!+3~l!
-2F’2+H=0 (Bl)
H“+3Prl!E’=0’ (B2)
‘F(0)=)? ’(0)=0 H(0)=“1
F’(=)= H(co)= O
wereobtainedforthecasesof W equalto 0.01,0.72,22/30,1,2, 10,
100,and1000.Thisdiscussionwillenabletheresultsto be olearly
evaluatedandwillperhapserveasa guideinthenunericalsolutionof
S~lS2?problems.
Eachofthecasesoftheproblemhasa solutionfora Tartictiler
setofvaluesfor F‘‘(0) and H’(0),hereinaftercalledeigenvalues.
Thebaaicapproachtotheproblemwasto eatimatetheeigenvaluesandto
integrateoutfromzero,obtainingfunctionswhichsati.Efiedequations(Bl)
and(B2) at eachstep.Theintegrationwasconttiueduntilthefunctions
F! and H behavedina fashioninconsistentwiththebounderyvaluesat
infinity;forexample,whentheybecamenegativeordivergedto infinity.
Iinprowdestimatesoftheeigenvalueswerethen@e onthebasisofthe
resultsofprecedingrunsandtheprocesswasrepeatd successivelyuntil
a solutionW= obtained.
McdHicationsrequiredto overcomespecifiobstacleswillbed-is-
cussedafterstificientdetails.of,thebasicprocedurehavebeengiven.
Thenenevaluationftheaccuracyofthenumericalresultswillbemade.
Theintegrationprocessconsistsoftwoparts,a startingphaseand
an extensionphase.Thesteu%ingphaseleginswithanestimateofthe
eigenvaluesF’‘(0) ad E’(0) anda decisiononthestepsizex to
be used. Itcontinueswithaniterativeprocessofalternatelycom-
putingF’‘‘ and H’‘ atthefirstfourpointsandintegratingthem
byfive-pointformulas.Thisprocessandthatintheextensionphase
aresoarrangedthatthedifferentialequtionsaresatisfiedateach
integralmultipleofthestepsize.
.-. . ..—. ------- ------- —------ ------ ———- -—— .---- —-—.—. —— ..- .. .. .. . . ..-— --
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Tbeextensionphaseusedpreced-tigdatato integratestepby step
leyondthefourthpetit.Diagramsofbothphaseswillbe givenaftera
fewpreklmineryexplanations.
Allintegrationformulasusedarebasedonthessmeidea.I%a
function,forexample,F’‘‘,islmmwnatfivepoints,thereisa unique
fourth-degreepolynomialwhichagreeswithitatthesefivepoints.More-
over,ifthesuccessiveantiderivatives(integrals) F’‘,F’,and F of
F’tl arelnownatonepoint,thereareuniqueftith-,sixth-,and
seventh~egreepolyncmiabwhicharesuccessiveantiderivativesofthis
fourth-degreepolynomialandwhichagreewith F’‘,F’,and F, respec-
tively,attheone~oint.It U thena simplealgebraproblmtodeduce
fromthevaluesof F’‘‘ atfivepointsand F,F’,and F’‘ ata
singlepointthevaluesofanyofthesefourpolynomialatanypoint.
TheseresultswillapproxhatethefunctionsF,F’,F’‘, and F’1‘ to
a degreedependentonstepsize,therelativepositionsofthepointsIn
question,endtiemagnitudeofthefifthderivativeof F‘‘‘ inthe
neighborhoodfthesepoids.
Theprecedingalgetmaproblemcanhe presolvedinallsituationsthat
eriseinthestartingandarbensionphasesofthepresentproblemand
specificintegrationformulasmaybe deduced.Theseformulasaredis-
cussed.inthenextparagraph.
Let F’‘‘he denotedatfivesuccessitiePointsby Ft1‘~ F~’t~F;’‘~
F~’l,~a. Fitt. D thestartingphase,thesepotitsae” o, x, 2X,3%
end 4X,end FO;F~,d F~l arealsoknown.Thenthefivesetsof
formulasrequired~ theste.?%ngphaseexe
4
F‘i’
z
(l)~ttt
= ‘~1+ D~ ‘ij jj=o
4
4
F;
E
(2)F,,
‘F6+i’F6’ ‘D+ % j
j=o
i =1,2, 3,4
i =1,2, 3,4
i =1,2, 3,4
(B3)
.
(B4)
(B5)
{
1
“’
.
0:’
r,n,
1
\
I
!
I
I
.
.— - ——
——.. .-—.. —.— —— ——
—— —...—— -—--— ——.- ——
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.
4
~. HO+iXH~+
x
X2 ~8(2)H,, ~ “
=1,2, 3,4 (B6)
Dr j=() J
4
.
i=l,2,3,4
(n] r@er i-mthe order@ ,wherethesupemcriptsonthe ~~ (n) @ Di
integration.‘‘
Theconstants A,,(n) @ D,(n) maybereadfromthefollowing
tables: .
~it
1
2
3
4
(1)
‘id
o 1 2 3 4
251646-264106-19
29124 24 4 -1
27 102 72 42 -3
14 64 24 64 14
For ~ j(2) ~ D,(2):J.
TJoli1 367 5402 53 1443 44 4044 56 192 %(2)7234-282116-21-30 16 -3162180-2748640
720
90
80
45
14A0
90
480
45
..... . . .. ——. — .. —-. --— ---------
.—>_.._- . . . . .
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Yj
o 1 2 3 4
1 1017 1070 -618 258 -47
2 331 664 -240 104-19
3 14313726-486450-81
4 7442176 96384-40
1008C
63C
1120
315
It isnowpossibletodiagrmnthestepsofthestartingphaseof
theintegration.If eachberabovea functiondenotesan improvedes_bi-
mateof it,andthefirstestimatesof l?~lt,F~~t,F~’~,and Ff’f are4
allequalto J?~’t,andsimilarlyforthe H’‘, thenthestartingphase
diagramsexe
(ThiEdiagrameansthatthevaluesinparenthesesareusedwithapprop-
riateintegrationformulasfrom(B3)to (B7)to obtainF, Fr, ~a F’‘
(Theprecedingdiagrameansthatthevaluesinparentheses
tutedinthedifferentialequations(Bl)and(B2)to obtain
HIf at q = x.)
(6)” (F2~ ‘h ‘i” % ‘i’)+ %’” %’
aresu3sti-
F“~ smd
I
,
I
I
{
—
——.—. ..— ——— ___ —.
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(9)” .@’3~ ‘i’ ‘w % %) ‘%’” w ‘
Itmaybenot~here thatallfourvaluesof F“! and H“ have
beenimproved,andf,yrtherimprovementwillrequtieiterationof,eteps
.1%0 12. Thestqrtoftheseconditeratibnisdiagramedasfollows:
. .
. .
. .
. .
. .
. .
Successivesetsof12stepsarepe??fo-duntilthevaluesof F~”
and H“i no longerchange.
on the w Cad RogramndElectronicCalculator,a deckofp~ch~
cards2 inchesthicksufficedto performsteps1 to 12. Threerms of
thisstarterdeckat3 minutesperrunaccomplishedcompleteconvergence
inmostcaf3es.‘Attheendofthestartingprocesstherehavebeencom-
puted~d storedF4,F~,F~’,H4,ti Hi, ~d f~~ est~tes ofFi”~
Theextensionphasehasnowbeenreached.Ituseda differentset
ofintegrationfo~as bssedonthesamegeneralidessas equations(B3)
to (B7)~IX F&”, Fit’,F~”j
anyfivesuccessivepoints,and
Fit1,~d Fll~4
thesubscript5
nowdesignateF’‘‘ at
denotesthenextpoint,
. . ...-. .— . . . .---- ------- .— _.. . . .. —.-— ___ .— ___ ———. _, —___ . ______ .—. .
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a 1
4
4
4
4
F4+xF~+$ x’ E
(3)
‘5 = ‘i’ ‘p ‘J rjd)
wherethe Bs(n) ~a c(n) aregiveninthefollowingtable:
J
(1)
(2)
(3)
Bjfn) ~(n)
3 0 ~ z s 4
n
1 251 -1274 2616 -2774 1901 720
2 135 -692 1446 -1596 1427 1440
3 410 -2116 &i76 -5084 5674 20160
(B1O)
(Bll)
(B12)
I
I
I
I
I
\
,.
I
I
I
I
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isa
tion
v
5
f
F(t)dt =%
z ‘i ‘i
~-x i=l
(B14)
Thevaluesofthefunctionsatthe,nextpointarecomputedinsimi-
1= ~er, wherethelatestsetsofffvevaluesof F~l~ ~ H!~ me
used. Thisprocessadvancestepby steptowerdinfinity.
Theextenderdeckofpunchedcardswasabout3 inchesthick,and
tooka littleover3 ndnutesperrm. For XT?= 0.72,a stepsizeof
0.1wasused,thestertingphasetook10minutes,andtheextensionphase
about30minutes.Whenit isrealizedthatabout-11,000operationswere
performedinthe40minutesperrun,itmeyleseenthatsolutionofthe
presentproblemwouu havebeenprohibitivelydifficultondesk-typec~-
culators.Simplificationsi methcdwouldhavesacrificedaccuracyor
requiredsmallerstepsize.
Intwo-point,%ounderyvalueprollemswhereonepointis infinity,
someproblemsof jud~nt areinvolvedastowhereinfinityis,andasto
whena satisfactory‘approximationto a solutionhasbeenobtained.~
mostcesesthisquestionwassettledforthepresentproblanby calling
a runsatisfactorywhenitfellbetweentworunsforwhich Fr end H
didnotdifferat importantpointsinthefourthdecimalplace,andfor
which 1?’and H flattenedoutat zero,correctofourdecimalplaces.
Certaindifficultiesweremetintheattanptousethebasicpro-
cedurepreviouslydiscussed.Thesenecessitatedcertainmodifications.
For R?. 2, 10,100,and1000,H wouldsettledownto zeroatan
earlystage,butwhile Fl wasstillcomingdown,H’twouldbeginto
oscillateandtheseoscillationsincreasedandfed.backintoallother
functions..Thistroublewesavoidedby thefollowingmmiifications:It
consequenceofequation(B2)that
H’(q)= ( J’F(t,.t)H’(0)exp-3Pr
(B13)(J’~=H’(q-x)exp-3 Pr )F(t)dt~-x
Theextensionphasewasmcdifiedtorequiretheadditionalintegra-
fOrmulas
-.-—. — .----- ...-. .. . . . —
30
H5 .
where Al= -19,~ = 106,~
ThesefMmulaswereused
tothefollowingdiagram:
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5
H4+~ ~%4 (B15)
i=l
. -264, A4= 646, and A5 = 251.
alongwithequations(B8)to (B1O)acoording
(2) (Fl,F2,F3,F4,F5,Hi)+ H~ bYtiq of (B14)and(B13)
ThevalueF~Tt isdisoerdedand FXYY atthelastfivepointsis
usedtorepeat hewholeprocessagainandagainad infinitum.As long
as F stws positive,Ht isguaranteed.to approachzeroend H will
flattenouito some~ue andnotoscillate.
,. For Pr= 0.01,0.72,22/30,and1,the Fy~~beganto osoillate
atanadvancedpointandtheseoscillationsgrewandfedintotheother
functions. Forallcaseshut Fr . 0.01,theoscillationappearedvery
late,neextheendoftherun,anda suitablehaltiingM stepsizewhen
oscillationwasdetectedinthefourthdifferencesof F“* wassuffic-
ientto avoidthedifficulty.Butforthe0.01case,oscillatio~of
“
Frtl appeeraiearlyintherun,nemely,soonafterthepea in F.
Theseoscillationswerefoundtobe step-sizeconnectea,sothatreduo-
tionofthestepto 0.02avoidedthem.Even%henoscillationsin F’~’
wouldleginto appearevery25stepsorso,andtheseweresmooth-out
regularlybyrepeatedrunsofa decksimilartothestarterdeck.Eaoh
run@er theseconditionstookalout16hours,makingthisthemost
difYicu.ltcaseto solve.1
t=l
I
I
I
I
I
.
. —— .——— -
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AEPENmXc
DERIVATIONOFFLOWPAMMETER
By definitiontheshearstressisgivenby
(cl)
To express(aU@Y)o intermsofthe&own functionF(q),usecanbe
madeofequations(60)and(62).Then
1
‘*. (4 Grx3)4$
Substitution& tliisexpressionintoequation(Cl)yieldstheflow ‘
Pemameter
.
‘c
1
.
= F1 I (0)
Notethatfromthegeneralderivation,theflowparametercontainsthe
viscosityevaluatedattwod~ferentpoints.?3ecall,however,thatthe
analysishasshownthatto a firstapprox~tionthevwiationoftis-
Cositywithtemperaturecanbe neglected.Thusthetiscositycanbe
takenas constantintheentireflowfield.
.
. .
.
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APPETJDIX
DERIVATIONOFHEATJEMHFER
The local I?usseltnmiberL3definedas
1
To express(a/aY)o intermsofI
ofequations(61) and (62). Thus
(Dl)
thelmownfunctionH(?),useismade i
I
1
Substitutionfthisexpressionintoequation
transferparameter
mu
~=
-H’(0)
(Grx/4)4
(Dl)yieldstheheat-
(D2)
Theheat-transfer
viouslystatd,a
average(overthe
Parameteresgivenby equation(D2)is,aswaspre-
localpaemeta. Itisoftendesiredto cconputehe I
len~ X) valueofthisparameter.To thisend,the
.. J
Ihzsseltnuniber(asgivenineq,uation(Dl)mustbe definedinternsof
anaverageheat-trfiercoefficientandthequantitythusobtained~t
thenbe integratedoverthelengthX ad ditidedby X. Thisproc~ure
yieldstheresult
i-?u= : (Nu)av
It isfromthislastequationthatthe0.75reductionfactorpreviously
ai8Cu888d was o%tained.
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.3974
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.40cM
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.1938-.0659
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.0296-.0338
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.1089-.2032
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.0391-.0826
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.0033-.0077
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.0665
.0692
.07J.8
.0743
J
.0767
.0790
.0234
.0874
.0812
~,
D.CQOO
.0Q60
.0114
.0162
.0205
.0244
.0277
.0307
.0332
.0355
.0373
.0389
.0402
.0413
.0422
.0429
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.0441
.0439
.0437
.0432
.0426
.0420
.0413
.0406
.0399
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.0652
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.0369
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.0319
.0297
.0276
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.0238
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.0206
.0178
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.3253
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.1723
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.0279
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-.0552
-.0544
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-.0505
-.0480
-.0453
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-.0375
-.03SL
-.0328
-.0306
-.0266
-.0267
-.0249
-.0232
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..0001
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.32E
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.95
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!.70
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.00%
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.00J37
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.0266
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.I.226
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.01.66
.Ol!x
.0142
.0131
.Olzl
.Olm
.0088
.0074
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.475
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.0045
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.0375
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.0082
.0107
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.0255
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.0358
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.0771
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.Oo1.1-.W02
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.9009-3.962
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.6096-3.731
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.3349-2.975
.2847-2.628
.2236-2.261
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.Oooo .Omo
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